Learning in the Null Space: Small Singular Values for Continual Learning
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Problem Formulation

Consider a Continual Learning (CL) setting with:
o T sequential tasks: {Task;, Tasko,..., Taskr}
o Dataset D; = (X, Yi) = {(xt.i, ye.i) } 1y at task t.
o Input x;; € X; € R? and output y;; € Y; € R%u
Tasks are learned sequentially; only data from D is available for training at task t.

The goal of CL: Learn parameters Wt ~ W that perform well on all tasks {1,..., T}.
A common formulation of the objective is

.
1
W =arg mv\lln7;£t(W), (1)

where W € R¥*%w and £,(W) denotes the loss associated with task t.
@ Eq (1) cannot be optimized directly.
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Continual Learning

Challenges:
o Catastrophic Forgetting
@ Stability-Plasticity balance
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Continual Learning

Challenges:
o Catastrophic Forgetting
@ Stability-Plasticity balance

Related Works:

@ Memory-based, Architecture-based,
Optimization-based, Representation-based,
Bayesian methods,...

Optimization-based methods: orthogonality
intuition.

o gradient-based: GPM [Saha et al., 2021],
SGP [Saha and Roy, 2023], DFGP [Yang
et al., 2023, 2025],... — might overly
constrain gradient directions

o feature-based — more freedom on updates
— Qurs
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Our Proposed Method (1/5): Notations

For task t in the CL setting, we aim to adapt the model to new data while limiting
interference with previously learned tasks.

o Let the weight update when learning task t is:
AWt = Wt - Wt—l

o Let Z; denote the set of inputs collected from tasks 1,2,...,t— 1.
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Our Proposed Method (2/5): Optimization Problem

Stability Constraint (Output Preservation)

2
HXTAWt <e, VxeTn )
2

where € controls the allowable output perturbation.
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Our Proposed Method (2/5): Optimization Problem

Stability Constraint (Output Preservation)

2
HXTAWt <e VxeTy
2

where € controls the allowable output perturbation.

)

Plasticity Objective (New Task Learning)

Under the stability constraint, the learning problem for task t can be formulated
conceptually as

min LCE(Dt,Wt)
W,

t

s.t. HXTAWt <e Vxe€ZI.

2
2

3)

Eq. (3) serves as a conceptual formulation of the stability—plasticity trade-off.
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Our Proposed Method (2/5): Optimization Problem

Stability Constraint (Output Preservation)

2
HXTAWt <e VxeTy ()
2

where € controls the allowable output perturbation.

Plasticity Objective (New Task Learning)

Under the stability constraint, the learning problem for task t can be formulated
conceptually as

min LCE(Dt,Wt)
W,

t

3)

s.t. HXTAWt

<e, Vx€eZ.

2
2

Eq. (3) serves as a conceptual formulation of the stability—plasticity trade-off.

Rather than solving this constrained problem directly, we introduce a structured
parameterization of AW, that satisfies the stability constraint.
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Our Proposed Method (3/5): Stability Subspace Construction

Construction of the Stability Subspace
Using SVD and let

~ ~ t—1
le=1[X1: Xot ot Xea] = OeZe VT € RO Zi= M) (4)

where the singular values satisfy

Ot,1 ZO't,2 > 2> Ot,d > 0.

Note: Restricting updates to directions associated with small singular values reduces
forgetting with earlier tasks.
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Our Proposed Method (4/5): Weight Updates Construction

Selecting the Small-Singular-Value Subspace.

Let 1 > 0 be a threshold and define

j=min{i:oe; < ek} (5)
Ur = [uej i -+ : ugq] spans an approximate null subspace. Define the update as
AW[— - Ut Vt, (6)

where Uk is fixed and only V4 is trainable.

[ m—

2T
Vi=0
Wt d—j+1
’ Uy ;ﬁg\

N

Tt

LoRA-style weights update
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Our Proposed Method (4/5): Weight Updates Construction

Selecting the Small-Singular-Value Subspace.

Let 1 > 0 be a threshold and define

Jj=min{i: o <ei|l||r}- (5)
U: = [uej: -+t ut,q] spans an approximate null subspace. Define the update as
AW[— - Ut Vt, (6)

where Uk is fixed and only V4 is trainable.

Instead of combined input /¢, use the covariance

Vi=0 matrix:
d
W, L . T T
Ct = Itlt = th,[xt,i (7)
U * i=1

& % — Only need to save d X d matrix C;

— Only need to save matrix U, and %,

LoRA-style weights update
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Our Proposed Method (5/5): Theoretical Guarantees

Stability Bound

Consider any previous input x € Z;. For every previous input x,
IxT AWl < exllfell e[| Vell2- (8)

If we enforce the bound of ||V4||> via weight decay, then ||xT AWs||3 <&, Vx € Z..

Hence, stability constraint in Eq. (2) is satisfied for every previous input.
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Our Proposed Method (5/5): Theoretical Guarantees

Stability Bound

Consider any previous input x € Z;. For every previous input x,
IxT AWl < exllfell e[| Vell2- (8)

If we enforce the bound of ||V4||> via weight decay, then ||xT AWs||3 <&, Vx € Z..

Hence, stability constraint in Eq. (2) is satisfied for every previous input.

— Updates lie in an approximate null subspace of previous inputs, while their magnitudes
remain controlled, ensuring bounded interference across tasks.
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NESS (1/4): Overview
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NESS (2/4): Continual Learning
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NESS (3/4): SVD
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NESS (4/4): LoRA-style Weight Updates

Continual Training
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Experimental Setup

Datasets (with models). CIFAR-100 (10 classes, using AlexNet), 5-datasets' (5 classes,
using ResNet18), Split-minilmageNet (20 classes, using ResNet18).

Metrics.
@ Average Accuracy (ACC): represents the average test accuracy of the model
trained on all tasks (defined as ACC = + S AL,
o Backward Transfer (BWT): measures the forgetting of old tasks (defined as
T—
BWT = -1 ST (A7 — A)).
with T denotes number of tasks and A, denotes the accuracy tested on task i after
training with task t.

1including CIFAR-10, MNIST, SVHN, not-MNIST and FashionMNIST
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RENES

The averaged accuracy (ACC) and backward transfer (BWT) over all tasks on different datasets

Method CIFAR-100 (10 Tasks) 5-datasets (5 Tasks) MinilmageNet (20 Tasks)
ACC(%) BWT(%)1 ACC(%) BWT(%)1 ACC(%) BWT(%)1
owmi [10] 50.94 4 0.60 30+ 1 - - - -
ewct [3] 68.88 == 0.80 241 88.64 + 0.26 41 52.01 + 2.53 1243
HATE [7] 72.06 = 0.50 0+o0 91.32 + 0.18 140 50.78 + 0.57 3+0
A-GEME 1] 63.08 £ 1.22 15 £ 2 84.04 + 0.33 1241 57.24 + 0.72 1241
GPM [6] 71.63 + 0.67 | -028 = 054 = 90.61 + 057  -1.17 £ 026  63.56 & 2.42  -139 + 137
SGP [5] 75.99 + 016  -1.18 + 0.37  90.48 & 048  -1.82 + 0.13  64.45 + 2.18 | -0.53 + 0.68
TRGP [4] 7521 4 032 | 006+ 017 = 9278 + 065 | -0.09+£0.08 6274 +213  -1.23 + 0.7
Fs-DePmT [2] 7410 £ 0.09  -3.03 4 031 - - - -
DFGP [8, 9] (mixup=0.01) 7324 £ 024 | 20954018 = 9147 022 227+ 031 6850 + 1.50 | =011 % 1.36
DFGP [8, 9] (mixup=0.05) 7377 £ 033 103+ 041 9022 + 046  -387 & 053  68.64 + 225 | -0.43 £ 1.60
DFGP [8, 9] (mixup=0.001) 7332 £ 050  -1.00 + 049 9159 & 050  -1.86 + 025  67.75 + 1.81  -1.11 + 1.50
DFGP [8, 9] (mixup=0.0001) 7316 +£ 046  -1.11 + 052 9151 £ 015  -1.70 + 042  68.39 + 1.07 | -0.16 + 1.42
NESS (with SAM) 7256 + 0.07 | =017 £ 051 = 90.98 £ 007 | -0.86 & 028 = 63.48 & 1.38 | -0.26 &+ 0.67

NESS (with SGDm: m=0.9) 72.46 £ 0.26 0.03 £ 0.40 90.20 £ 0.47 -0.58 4 0.15 63.72 + 0.46 0.41 + 0.58
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@ Not fully memory-free.
@ The threshold ¢; affects the trade-off between plasticity and stability.

@ Omit the biases/batchnorm layers and focus only on linear/convolutional layers.
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We introduce a new continual learning approach that utilizes small singular values,
ensuring the LoRA-style weight updates are approximately lying in the null space of the
input of previous tasks — better forgetting rates.
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Thank You!

Questions & Discussion

Paper (OpenReview) Code
Contact Information:

@ Email: cuong.pham@mbzuai.ac.ae

o Website: https://pacman-ctm.github.io/
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Appendix 1: Additional results (1/3)
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Appendix 1: Additional results (2/3)
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Appendix 1: Additional results (3/3)
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Appendix 2: Proof for Explicit Stability Bound (Eq. (2))

Consider any previous input x € Z;. Since each such x corresponds to a column of /s,
there exists a standard basis vector e; such that

T T
x =e Il .

Using Eq. (4), 1" = VeZ: U . Thus, x' AW, = ¢ V,X.: U, U, V;. Because U, contains

. . - . ~ 0
only singular vectors corresponding to indices j, ..., d, U, U = { ] , so only the small

/
singular values remain active. Denoting the diagonal matrix of these values by ¥¢mai, we
obtain xT AW, = ¢ Ve Zoman Vs. Taking norms, ||xTAWt||2 < ||Zsman]l2]] Vell2 (notice that
V; is orthogonal), with ||Zsmai|l2 < e1]|/||F (by construction). Therefore, for every
previous input x,

T AWz < el Vel (9)
If we enforce Y
€

Vil < ———, 10

|| tH2 = EIHIt”F ( )

then |[xTAW;||3 <&, Vx € Z;. Hence, the stability constraint in Eq. (2) is satisfied for
every previous input.
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